We define two sequential transforms on a function space , [0, ] induced by generalized Brownian motion process. We then establish the existence of the sequential transforms for functionals in a Banach algebra of functionals on , [0, ]. We also establish that any one of these transforms acts like an inverse transform of the other transform. Finally, we give some remarks about certain relations between our sequential transforms and other well-known transforms on , [0, ].
Introduction and Preliminaries
Let 0 [0, ] denote one-parameter Wiener space; that is, the space of all real-valued continuous functions ( ) on [0, ] with (0) = 0. The study of the Fourier-Wiener transform of functionals on 0 [0, ] was initiated by Cameron and Martin [1] [2] [3] . This transform and its properties are similar in many respects to the ordinary Fourier function transform. Since then, many transforms which were somewhat analogous to the Fourier-Wiener transform have been defined and developed in the literature. There are two well-known transforms on 0 [0, ]. One of them is the analytic Fourier-Feynman transform [4] [5] [6] and the other is the integral transform [7] [8] [9] [10] . Each of the transforms on Wiener space has an inverse transform. For an elementary survey, see [11] .
In [12] [13] [14] [15] [16] , the authors studied the generalized analytic Fourier-Feynman transform and the generalized integral transform for functionals defined on a more general function space , [0, ] . The function space , [0, ], induced by generalized Brownian motion process, was introduced by Yeh [17, 18] and was used extensively by Chang and Chung [19] . The Wiener process used in [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] is stationary in time and is free of drift, while the stochastic process used in this paper, as well as in [12] [13] [14] [15] [16] [17] 19] , is nonstationary in time and is subject to a drift ( ). In this paper, we define two sequential transforms on the function space , [0, ]. To do this, we investigate a representation for sample paths of the generalized Brownian motion process and introduce the concept of the G-scontinuity for functionals on , [0, ]. We then proceed to establish the existence of the sequential transforms for functionals in a Banach algebra F * ( , [0, ]) of functionals on , [0, ]. Next, we establish that any one of these transforms acts like an inverse transform of the other transform. Finally, we examine certain aspects of the generalized analytic Fourier-Feynman transform, the generalized integral transform, and the sequential transforms.
We briefly list some of the preliminaries from [12, 13, 17 ] that we will need in order to establish the results in this paper.
Let ( ) be an absolutely continuous real-valued function on [0, ] with (0) = 0, ( ) ∈ 2 [0, ], and let ( ) be a strictly increasing, continuously differentiable real-valued function with (0) = 0 and ( ) > 0 for each ∈ [0, ]. The generalized Brownian motion process determined by ( ) and ( ) is a Gaussian process with mean function ( ) and covariance function ( , ) = min{ ( ), ( )}. For more details, see [12, 13] . 
where | |(⋅) is the total variation function of (⋅). Then, (
is a separable Hilbert space with inner product defined by
Note that ‖ ‖ , = √( , ) , = 0 if and only if ( ) = 0 a.e. on [0, ]. Also note that all functions of bounded variation on
because the norms ‖ ⋅ ‖ 0, and ‖ ⋅ ‖ 2 are equivalent. Let
For
Then , ≡ , [0, ] with inner product (5) . The inverse operator of is given by
Recall that above, as well as in papers [12] [13] [14] [15] [16] , we require that : [0, ] → R is an absolutely continuous function with 
But we cannot ensure that
under current conditions. Note that the function ( ) = 2/3 , 0 ≤ ≤ , does not satisfy condition (9) even though its derivative is an element of 2 [0, ]. In this paper, we add the requirement (9). Then we obtain the following lemma. Under the requirement (9), we observe that for each
where
The following integration formula is used several times in this paper:
for complex numbers and with Re( ) > 0. 
A Representation for Paths in
is defined by the formula
for all ∈ , [0, ] for which the limit exists.
The following are some basic properties of the PWZ type stochastic integral. They are nontrivial, but straightforward to prove.
( 
Thus, the assertions (1) and (4) 
Now, we are ready to examine a representation for paths in , [0, ]. Throughout the rest of this paper, we will use the symbol G for a complete orthonormal set { }
is a Gaussian random variable with mean
and variance
We note that the set { 1 ( ), 2 ( ), . . .} forms a set of independent Gaussian random variables on
be as above, and let
By the property of the PWZ type stochastic integral, the last expression of (20) converges for -a.e. ∈ , [0, ].
Remark 2.
By the definition of the PWZ type stochastic integral, the last expression of (20) 
that is,
for = 1, 2, . . ., then the corresponding ( )( ) converges to ( ) uniformly in with probability one. For more details, see [20] and the references therein.
We now state a fundamental integration formula on the function space , [0, ]. Let ( ) and be as above, let ℎ : R → C be Lebesgue measurable, and let
in the sense that if either side of (23) exists, both sides exist and equality holds. Let be a functional on , [0, ] and let
where ( ) is given by (19) .
Then, using (20) and (14), we see that is G-continuous for s-a.e. ∈ , [0, ] and all ∈ , [0, ].
, by the definition of PWZ type stochastic integral, we obtain that
for s-a.e. ∈ , [0, ] and all ∈ , [0, ].
Proof. For each = 1, 2, . . ., let ( ) = ( ( )). Then is -integrable. By our assumption, we observe that
for -a.e. ∈ , [0, ]. Thus, by the dominated convergence theorem, it follows that
as desired.
Sequential Function Space Integrals
In Next, we introduce two sequential definitions for certain function space integrals on , [0, ]. Throughout the rest of this paper, let C + andC + denote the set of complex numbers with positive real part and nonzero complex numbers with nonnegative real part, respectively. Furthermore, for all ∈ C, 1/2 is always chosen to have nonnegative real part.
, ( ), and be as in Section 2. For ∈ C + , ∈ , [0, ] and each = 1, 2, . . ., let
and let
Using (23) and (11), we observe that for all ∈ C + and every = 1, 2, . . ., be a sequence of complex numbers in C + such that → − . If the following limit exists, one calls it the sequential P-function space integral of with parameter , and we write
We also define the sequential N-function space integral of with parameter by the formula
if it exists. Let 1 ( ) ≡ 1 on , [0, ] and let
Then, since , [0, ] is a scale invariant null set, we have
But by the definition of the sequential function space integrals, we see that
Given two complex-valued measurable functionals and on , [0, ], we will write ≊ if ≈ and furthermore if ( ) = ( ) for all ∈ , [0, ]. The relation ≊ is clearly an equivalence relation. 
In fact, the correspondence → is injective, carries convolution into pointwise multiplication, and is a Banach algebra isomorphism where and are related by (36).
Proof. Let be given by (36), and for each = 1, 2, . . ., let ( ) be given by (19) . Then substituting ( ) for , we have
} ( ) . (38)
By Example 4, the exponential in (38) approaches the exponential in equation (36) 
exist and are given by (40) and (41) below, respectively.
Proof. Using (19) , (29), (23), the Fubini theorem, and (11), we obtain
Also, using (19) , (30), (23), the Fubini theorem, and (11), we obtain
Let be given by (36). Proceeding formally using (36), (40), and (41) 
respectively. For ∈C + and ∈ , [0, ], let 
Using the same method, we can find an example for the functional in F * ( , [0, ]) that the sequential integrals do not exist.
Given a positive real number 0 , let
Let be a real number with | | > 0 . Then, since
we can see that − and are elements of the domain Int(Γ 0 ). We also need the following lemma to obtain Propositions 12 and 13. 
Then there exists a sufficiently large
∈ N such that for all ≥ ,
be a sequence in C + such that → − , and let Γ 0 be given by (47). Then, we observe that for each ∈ N,
Since → 0, there exists a sufficiently large 1 ∈ N such that for every ≥ 1 , ∈ Int(Γ 0 ) and
Also, there exists a positive real number 0 > 1 such that
and be as in Section 2 above. Using Parseval's identity, we observe
for ∈ , [0, ]. Also, using the Cauchy-Schwartz inequality, we have 
Using these facts, we obtain the inequality (49) be a sequence in C + which converges to − . Using (36), (19) , (29), and the Fubini theorem, we obtain that for each = 1, 2, . . .,
But, by (40) and (49), we know that the right hand side of (57) is dominated by (45) for all but a finite number of values of . Next, using (57), (40) with replaced with , the dominated convergence theorem, Parseval's relation, and (43), we obtain
which concludes the proof of Proposition 12.
We establish our next proposition after careful examination of the proof of Proposition 12, and by using (30), (41), (44), and (50) instead of (29), (40), (43), and (49), respectively. 
( ) exists and is given by the formula
where is given by (44).
Sequential Function Space Transforms
In this section, we introduce two sequential transforms on the function space , [0, ]. We then establish that each of these transforms acts like an inverse transform of the other transform. Our definitions of the sequential transforms are based on the sequential function space integrals defined in Section 3 above.
Definition 14.
Let be a nonzero real number. For ∈ , [0, ], we define the sequential P-function space transform P ( ) of with parameter by the formula In Theorem 15 below, we establish the existence of the sequential P-function space transform of functionals in 
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Proof. Let be given by (36), and for a real with | | > 0 , let { } ∞ =1 be a sequence in C + which converges to − . Proceeding as in the proof of Proposition 12, we obtain that for s-a.e. ∈ , [0, ] and all ∈ , [0, ], 
In view of Theorems 15 and 16, we obtain the following assertion. , and one has
We finish this section with some examples to apply our results. Let M(R) be the class of complex-valued, countably additive Borel measures on B(R), the Borel class of R. For ∈ M(R), the Fourier transform̂of is a complex-valued function defined on R by the formulâ
Let ℎ ∈ , [0, ] and let ∈ M(R). Define ℎ, : 
Thus, ℎ, is an element of F * ( , [0, ]). Suppose that for a fixed positive real number 0 > 0, 
Using an integration by parts formula, we have
Given real numbers and 2 with 2 > 0, let , 2 be the Gaussian measure given by
Then , 2 ∈ M(R) and
The complex measure , 2 given by (76) satisfies condition (74) for all real 0 > 0. Thus, we can apply the results in Section 4 to the functional of the form
We note that ℎ, , 2 ∈ ∪ 0 >0 F * 0 and so that for every ∈ R − {0}, the sequential transforms of ℎ, , 2 , P ( ℎ, , 2 ), and N ( ℎ, , 2 ) exist and are elements of F( , [0, ]) by Theorems 15 and 16 above. Furthermore, we have that
for all real ∈ R − {0} by Theorem 17. In fact, by a simple calculation, we obtain that for all ∈ R − {0},
In particular, if we choose ℎ = * , = 0, and 2 = 2 in (78), we have * , 0,2
also is a functional under our consideration because * ( ) = exp { ( * , ) 
Concluding Remarks
In this section, we examine certain aspects among the generalized analytic Fourier-Feynman transform [12, 13] , the generalized integral transform [15, 16] , and the sequential transforms for functionals on , [0, ]. As possible, we adopt the definitions and notation of [11-13, 15, 16] for the (generalized) analytic Fourier-Feynman transform and the (generalized) integral transform.
A major goal of the authors in [12, 13, 15, 16] was to generalize the concepts of the analytic Fourier-Feynman transform and the integral transform of the functionals of paths for the generalized Brownian motion process.
In [5, 6] , the authors obtained the existence of the 2 analytic Fourier-Feynman transform (2) ( ) for several large classes of functionals on Wiener space 0 [0, ]. In particular, they showed that for all real ̸ = 0,
− ( (2) ( )) ( ) = ( )
for s-a.e. ∈ 0 [0, ]. Thus, 2 analytic Fourier-Feynman transform " (2) " with parameter has the inverse transform "
− ". However, in view of the results in [12, 13] In [9, 10] , the authors studied the integral transform of functionals in 2 
for ∈ , [0, ]; that is,
But they pointed out that for any nonzero complex numbers 1 , 2 , 1 and 2 , there are no nonzero complex numbers , and such that
Hence, the inverse generalized integral transform, F −1 , , cannot be expressed as a simple integral transform.
Let us return to the singular integral transforms discussed in this paper. Theorem 17 tells us that the sequential function space transforms P and N have inverse transforms P 
for s-a.e. ∈ , [0, ] and all ∈ , [0, ]. This fact tells us that the sequential N-function space transform N − plays a prominent role as an inverse transform of the generalized analytic Fourier-Feynman transform (2) .
